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Abstract. Unlike the Gorenstein projective and injective dimensions, the majority of
results on the Gorenstein flat dimension have been established only over Noetherian (or
coherent) rings. Naturally, one would like to generalize these results to any associative
ring. In this direction, we show that the Gorenstein flat dimension is a refinement of the
classical flat dimension over any ring; and we investigate the relations between the Gorenstein
projective dimension and the Gorenstein flat dimension.
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1 Introduction
Throughout this paper, R denotes an associative ring with identity and all modules are
unitary. For an R-module M , we use idR(M) and fdR(M) to denote, respectively, the
classical injective and flat dimensions of M . We use M∗ to denote the character module
HomZ(M,Q/Z) of M .
For every module over an associative ring, Enochs, Jenda, and Torrecillas [9] defined the
Gorenstein flat dimension (see Definition 2.1) to complete the analogy between classical
homological dimension theory and Gorenstein homological dimension theory. But, they
mainly studied it when the base ring is Gorenstein (see also [11]). Their characterization of
the Gorenstein flat dimension over Gorenstein rings was generalized, by Chen and Ding [4],
to n-FC rings (i.e., coherent rings with self-FP-injective dimension at most n). Also, Chris-
tensen gave a characterization of the Gorenstein flat dimension over local Cohen-Macaulay
rings with a dualizing module [5, Theorem 5.2.14] (see also [10]). Namely, in Christensen’s
book, it is shown that there are good results for the Gorenstein flat dimension over Noethe-
rian rings, which are very often local Cohen-Macaulay with a dualizing module. In [12],
Holm generalized these results to coherent rings (see also [6]). In this paper, we give some
results on the Gorenstein flat dimension that hold over a larger class of rings.
In Section 2, we show that the Gorenstein flat dimension is a refinement of the usual
flat dimension over any associative ring, that is Theorem 2.2. Then, in Theorem 2.4, we
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establish a relation between the Gorenstein flat dimension and the copure flat dimension
(see Definition 2.3).
In Section 3, we investigate the relations between the Gorenstein flat dimension and the
Gorenstein projective dimension. Namely, we establish another situation where the ques-
tion “Is every Gorenstein projective module Gorenstein flat” has an affirmative answer (see
Proposition 3.2). In Theorem 3.3, we show that, ifM is an infinitely presented left R-module,
then M is Gorenstein flat if and only if it is Gorenstein projective.
2 Gorenstein flat, flat, and copure flat dimensions
In this section, we investigate the relations between the Gorenstein flat dimension, the flat
dimension, and the copure flat dimension.
Recall the definitions of Gorenstein flat modules and Gorenstein flat dimension.
Definition 2.1 ([5]) A complete flat resolution is an exact sequence of flat left R-modules,
F = · · · → F1 → F0 → F
0 → F 1 → · · · ,
such that I ⊗R F is exact for every injective right R-module I.
A left R-module M is called Gorenstein flat (G-flat for short), if there exists a complete
flat resolution F with M ∼= Im(F0 → F
0).
For a positive integer n, we say that a left R-module M has Gorenstein flat dimension
at most n, and we write GfdR(M) ≤ n, if if there exists an exact sequence of R-modules
0→ Gn → · · · → G0 →M → 0, where each Gi is Gorenstein flat.
It is well-known that the Gorenstein homological dimensions are, over Noetherian rings,
refinements of the classical homological dimensions. In [8] and also in [12], it is proved
that the result remains true for the Gorenstein projective and injective dimensions over
associative rings. However, in the note after Proposition 3.6 of [1], it is remarked that the
Gorenstein flat dimension is a refinement of the classical flat dimension over coherent rings
(see also [1, Proposition 3.7 and Corollary 3.8]). Next we show this holds over associative
rings.
Theorem 2.2 For a left R-module M , GfdR(M) ≤ fdR(M) with equality when fdR(M) is
finite.
Proof. The inequality is well-known and follows from the trivial fact that every flat module
is Gorenstein flat (see for instance [12, Theorem 3.19]).
Now assume that fdR(M) <∞. Then, by [14, Lemma 3.51 and Theorem 3.52], idR(M
∗) =
fdR(M) <∞ and so GidR(M
∗) = idR(M
∗) (from the injective counterpart of [12, Proposi-
tion 2.27]). Therefore, combine the last equalities and the inequality GidR(M
∗) ≤ GfdR(M)
of [12, Theorem 3.11], we get:
fdR(M) = idR(M
∗) = GidR(M
∗) ≤ GfdR(M).
This gives the desired equality. 
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Another dimension which is closely related with the Gorenstein flat dimension is the copure
flat dimension, which is defined as follows:
Definition 2.3 ([7]) The copure flat dimension of a left R-module M , cfdR(M), is defined
to be the largest positive integer n such that TorRn (E,M) 6= 0 for some injective right R-
module E.
The copure flat dimension is used in the functorial description of the Gorenstein flat
dimension as follows [12, Theorem 3.14]: If R is right coherent and M is a left R-module
with finite Gorenstein flat dimension, then GfdR(M) = cfdR(M). This is a generalization
of [4, Corollary 11] and [5, Theorem 5.2.14]. Over any ring we give the following:
Theorem 2.4 For any left R-module M , we have inequality:
cfdR(M) ≤ GfdR(M).
If fdR(M) is finite, then we have equalities:
cfdR(M) = GfdR(M) = fdR(M).
To prove this we need the following lemma.
Lemma 2.5 Let M be a left R-module. If fdR(M) <∞, then cfdR(M) = fdR(M).
Proof. Obviously cfdR(M) ≤ fdR(M).
For the converse, suppose that fdR(M) = n for some positive integer n. Then there is a
right R-module N such that TorRn (N,M) 6= 0, and it follows, by the long exact sequence of
Tor, that also TorRn (E(N),M) 6= 0, where E(N) is the injective envelope of N . This implies
that cfdR(M) ≥ n = fdR(M), as desired. 
Proof of Theorem 2.4. The inequality cfdR(M) ≤ GfdR(M) follows by dimension shifting ar-
gument and using the fact that every Gorenstein flat leftR-moduleG satisfies TorRi (I,G) = 0
for all i ≥ 1 and all injective right R-modules I.
The equalities cfdR(M) = GfdR(M) = fdR(M) when fdR(M) is finite follow immediately
by the inequalities cfdR(M) ≤ GfdR(M) ≤ fdR(M) and Lemma 2.5. 
Note that the proof of the equalities of Theorem 2.4 can be used as a proof of the equality
of Theorem 2.2, and so the two results can be written in one theorem. Here we separate
them because each one has a different aim.
3 Gorenstein flat and Gorenstein projective dimensions
In this section, we investigate the relations between the Gorenstein flat dimension and the
Gorenstein projective dimension.
First, recall the definitions of Gorenstein projective modules and Gorenstein projective di-
mension.
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Definition 3.1 ([5]) A complete projective resolution is an exact sequence of projective left
R-modules,
P = · · · → P1 → P0 → P
0 → P 1 → · · · ,
such that HomR(P, Q) is exact for every projective left R-module Q.
A left R-module M is called Gorenstein projective (G-projective for short), if there exists
a complete projective resolution P with M ∼= Im(P0 → P
0).
For a positive integer n, we say that a left R-module M has Gorenstein projective dimen-
sion at most n, and we write GpdR(M) ≤ n, if there exists an exact sequence of R-modules
0→ Gn → · · · → G0 →M → 0, where each Gi is Gorenstein projective.
Motivated by the results in the classical case, there are two principal questions concerning
the relations between the Gorenstein projective dimension and the Gorenstein flat dimension
of modules. In fact, between the Gorenstein projective modules and the Gorenstein flat
modules:
Question A. Is every Gorenstein projective module Gorenstein flat?
Question B. When is a Gorenstein flat module Gorenstein projective?
Several attempts have been made to obtain, as the classical case, an affirmative answer
to Question A. In [12, Proposition 3.4], Holm proved, over right coherent ring with finite
finitistic projective dimension, that every Gorenstein projective left module is Gorenstein
flat. In fact, this result holds, by the proof of [12, Proposition 3.4], over right coherent rings
such that every flat left module has finite projective dimension, which is remarked in [6,
Proposition 3.7]. Here we give the following result:
Proposition 3.2 If every injective right R-module has finite flat dimension, then GfdR(M) ≤
GpdR(M) for every left R-module M .
Proof. To prove the inequality, it is sufficient to prove that every Gorenstein projective left
module is Gorenstein flat, which is equivalent to proving that every complete projective
resolution is complete flat.
Consider then a complete projective resolution P and an injective right R-module I. By
hypothesis, fdR(I) = n for some positive integer n. Then, we have an exact sequence
0→ Fn → · · · → F0 → I → 0,
where each Fi is a flat right R-module. Let Ii = Im(Fi → Fi−1) for 1 ≤ i ≤ n − 1 and
I0 = I.
Consider the short exact sequence
0→ Fn → Fn−1 → In−1 → 0.
Then,
0→ Fn ⊗R P→ Fn−1 ⊗R P→ In−1 ⊗R P→ 0
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is a short exact sequence of complexes. Since Fn and Fn−1 are flat, Fn⊗RP and Fn−1⊗RP
are exact, so is In−1 ⊗R P.
Now consider the short exact sequence
0→ In−1 → Fn−2 → In−2 → 0.
Then,
0→ In−1 ⊗R P→ Fn−2 ⊗R P→ In−2 ⊗R P→ 0
is a short exact sequence of complexes. Since Fn−2 is flat and by the argument above,
In−1 ⊗R P and Fn−2 ⊗R P are exact, so is In−2 ⊗R P.
The argument above can be applied successively until we conclude that the sequence I⊗RP
is exact. This implies the desired result. 
Note that the rings that satisfy the condition of Proposition 3.2 were investigated in [3].
Now, we investigate Question B. In [1], Question B was investigated for a particular case
of Gorenstein projective and flat modules, such that well-known results in the classical case
were extended (please see [1, Propositions 3.9 and 3.12 and Corollary 3.10]). Here, we give
a situation where a Gorenstein flat module is Gorenstein projective.
It is well-known that a finitely presented module is flat if and only if it is projective. In
Gorenstein homological dimension theory, there is an analogous (in fact a generalization) of
this result over Noetherian rings [5, Theorem 5.1.11]. Namely, it is proved, over Noetherian
rings, that a finitely generated module is Gorenstein flat if and only if it is Gorenstein
projective. In [1, Proposition 1.3], it is remarked that [5, Theorem 5.1.11] can be generalized
to coherent rings and for finitely presented modules. Next we generalize this by showing,
over associative rings, that the same equivalence holds for infinitely presented modules.
Recall that a left R-moduleM is said to be infinitely presented, if it admits a free resolution
· · · → F1 → F0 →M → 0
such that each Fi is a finitely generated free left R-module. For instance, over a left Noethe-
rian ring, every finitely generated left module is infinitely presented; and generally, over a
left coherent ring, every finitely presented left module is infinitely presented.
Theorem 3.3 Let M be an infinitely presented left R-module. Then, M is Gorenstein flat
if and only if it is Gorenstein projective.
The proof of this theorem involves the following lemma which generalizes [5, Lemma
5.1.10].
Recall that an exact sequence of finitely generated free left R-modules L is called a com-
plete resolution by finitely generated free left R-modules, if the dual complex HomR(L, R)
is exact [5, Definition 4.1.2].
Lemma 3.4 Let L be an exact sequence of finitely generated free left R-modules. The
following are equivalent:
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1. L is a complete resolution by finitely generated free left R-modules;
2. L is a complete projective resolution;
3. L is a complete flat resolution.
Proof. First, using [14, Lemma 3.59], the equivalence (1) ⇔ (3) has the same proof as
the that of (i) ⇔ (iii) of [5, Lemma 5.1.10] (see errata on the Christensen’s homepage:
http://www.math.ttu.edu/∼lchriste/).
Now, since (2) is stronger than (1), it remains to prove the implication (1)⇒ (2).
Let
L = · · · → L1 → L0 → L−1 → L−2 → · · ·
be a complete resolution by finitely generated free left R-modules. We decompose L into
short exact sequences
(αi) = 0→ Ni+1 → Li → Ni → 0,
where Ni = Im(Li → Li−1) for i ∈ Z. To prove that L is a complete projective resolution,
it is sufficient to prove, for every i ∈ Z, that Ext1R(Ni, Q) = 0 for every projective left
R-module Q. Indeed, if such condition holds, then the sequences
0→ Hom(Ni, Q)→ Hom(Li, Q)→ Hom(Ni+1, Q)→ 0
are all exact for every projective left R-module Q. This implies, by assembling the sequences
(αi), that L is a complete projective resolution.
Then, we prove, for every i ∈ Z, that Ext1R(Ni, Q) = 0 for every projective left R-module
Q. Note first that each R-module Ni is infinitely presented and satisfies Ext
n
R(Ni, R) = 0
for all n > 0.
By Lazard’s Theorem [2, §1, No 6, Theorem 1], there exists, for every flat left R-module F ,
a direct system (Fj)j∈J of finitely generated free left R-modules over a directed index set J
such that lim
−→
Fj ∼= F . From [2, Exercise 3, p. 187] (or similarly to the proof of [8, Lemma
3.1.16]), we get, for every i ∈ Z,
Ext1R(Ni, F )
∼= Ext1R(Ni, lim−→
Fj)
∼= lim−→ Ext
1
R(Ni, Fj).
Now, since every direct sum is the direct limit of its finite partial sum ordered by inclusion,
[2, Exercise 3, p. 187] implies also that Ext1R(Ni, Fj) = 0. Therefore, for every projective
(then flat) left R-module Q, Ext1R(Ni, Q) = 0, which completes the proof. 
Proof of Theorem 3.3. Using Lemma 3.4 above, the “if” part is proved along the same lines
as [5, Theorem 4.2.6] and the “only if” part is proved similarly to [5, Theorem 5.1.11]. 
There are examples, over Noetherian rings, of finitely generated (then infinitely presented)
modules which are Gorenstein projective (then Gorenstein flat) but they are not projective
(then not flat) (see for instance [5, Examples 1.1.13 and 4.1.5]). Namely, any ideal of
a 1-Gorenstein ring (i.e., Noetherian with self-injective dimension at most 1) is infinitely
presented and Gorenstein projective.
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We take advantage of Lemma 3.4 and its proof to give a result for the Gorenstein pro-
jective dimension. Precisely, using the proof of Lemma 3.4, we easily deduce the following
characterization of Gorenstein projective dimension of an infinitely presented left module.
This generalizes [5, Theorem 1.2.7] (see also [5, Theorem 4.4.12 and Corollary 4.4.13]).
Corollary 3.5 Let M be an infinitely presented left R-module with finite Gorenstein pro-
jective dimension and let n ≥ 0 be a positive integer. Then, the following are equivalent:
1. GpdR(M) ≤ n;
2. ExtiR(M,F ) = 0 for all i > n and all flat left R-modules F ;
3. ExtiR(M,F ) = 0 for all i > n and all left R-modules F of finite flat dimension;
4. ExtiR(M,R) = 0 for all i > n.
Consequently, the Gorenstein projective dimension of M is also determined by the formulas:
GpdR(M) = sup{i ∈ N |Ext
i
R(M,F ) 6= 0 for some flat left R−module F}
= sup{i ∈ N |ExtiR(M,F ) 6= 0 for some left R−module F with fdR(F ) <∞}
= sup{i ∈ N |ExtiR(M,R) 6= 0}.
It is important to note that the condition “M has finite Gorenstein projective dimension”
in Corollary 3.5 above can not be dropped. Indeed, Jorgensen and S¸ega [13, Theorem
1.7] constructed, over an artinian ring R, a finitely generated (then infinitely presented)
R-module M such that GpdR(M) =∞ and Ext
i
R(M,R) = 0 for all i > 0.
Acknowledgements. The author thanks the referee for very helpful comments and sugges-
tions.
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